We prove that a continuous path with finite p-variation (1 p < 2) cannot have infinitely many zero components in its signature unless it is tree-like. As an application, this allows us to strengthen an asymptotic theorem recently proved by Chang, Lyons and Ni [3] for the signature of continuous paths with finite length.
Introduction and main result
In the seminal work of Hambly and Lyons [5] in 2010, it was shown that the signature of a continuous path γ : [0, T ] → R d with finite length, which is the collection 0<t 1 <···<tn<T dγ t 1 ⊗ · · · ⊗ dγ tn : n 1 of global iterated integrals of all orders, uniquely determines the path γ up to a tree-like equivalence (heuristically, a path is tree-like if it goes out and reverses back along itself). In particular, there is a unique tree-reduced path (i.e. not containing any tree-like pieces) up to reparametrization with minimal length in each tree-like equivalence class with given signature. Since then, it has been conjectured (c.f. [5] , [1] , [3] ) that the length L of a tree-reduced path γ can be recovered from (the tail asymptotics of) its signature:
where · proj is the projective tensor norm on the tensor product. This is proved by Hambly-Lyons [5] for C 1 -paths (a stronger asymptotic result was obtained in this case) and piecewise linear paths, and it remains open for general continuous paths with finite length.
In a recent work by Chang, Lyons and Ni [3] , under reasonable tensor norms, it was shown that the right hand side of (1) is indeed a limit when n is taken over degrees at which the signature is nonzero. To be precise, let V be a Banach space and let the tensor products {V ⊗n : n 1} be endowed with reasonable tensor norms, which are always fixed throughout the rest of this article. Recall from [3] that a sequence of tensor norms · V ⊗n are call reasonable tensor norms if
* , where the norms are the induced dual norms;
(iii) P σ ξ V ⊗n = ξ V ⊗n for ξ ∈ V ⊗n and σ being a permutation of order n, where P σ is the induced permutation operator on n-tensors. It can be shown (c.f. [4] ) that the inequalities in (i) and (ii) are automatically equalities. Examples of reasonable tensor norms include the projective, injective and Hilbert-Schmidt tensor norms.
The main result of [3] can be stated as follows. 
Define N(g) to be the set of positive integers n such that g n = 0. Then
Remark 1. The result holds for arbitrary weakly geometric rough paths, or more generally, for any group-like elements, since the proof relies only on the shuffle product formula of signature. But with the same factorial normalization, the result is only interesting in the bounded variation case.
However, in Theorem 1, it is a priori not clear whether the limit can be taken over the whole integer sequence, or equivalently, whether a continuous path with finite length can have infinitely many zero components in its sigature. In the present article, we provide a definite answer to this question. 
It worths poinitng out that it is possible for a non-tree-like rough path to have infinitely many zero components in its signature. For instance, the signature of the 2-rough path X t = exp(t[e 1 , e 2 ]) over V = R 2 ({e 1 , e 2 } is the standard basis of R 2 ) vanishes identically along odd degrees. More generally, if l t is a continuous path in the space of degree n homogeneous Lie polynomials, then the signature of the n-rough path X t = exp(l t ) vanishes identically along degrees which are not multiples of n. Therefore, Theorem 2 has to be non-rough path property (i.e. for roughness 1 p < 2).
Proof of Theorem 2
The proof of Theorem 2 consists of two main ingredients. The first part, which is a purely algebraic property and works for all group-like elements, is to identify more zeros in the signature from the given ones. The second part, which relies crucially on the regularity assumption, is to show that the path cannot have "too many" zeros in its signature unless it is tree-like.
To fix notation, for a given positive integer m, denote (m) as the set of positive integer multiples of m. The set of positive integers is denoted as Z + . Proof. This is a direct consequence of the characterization of numerical semigroups (c.f. [6] , Lemma 2.1). Since it is elementary, for completeness we provide an independent proof in the appendix.
where S(m, n) is the subset of (m, n)-shuffles in the permutation group of order m + n. It is known that the signature of a weakly geometric rough path is grouplike. By applying Lemma 1 to the context of group-like elements, we obtain the following result which serves as the (algebraic) ingredient of the proof of Theorem 2.
Lemma 2. Let g be a group-like element. If g vanishes along a subsequence of degrees, then there exists a positive integer d 2 such that g vanishes identically along degrees outside (d).
Proof. Let N(g) ⊆ Z + be the set of degrees n such that g n = 0. Let i, j ∈ N(g).
Since g i and g j are both non-zero, according to the shuffle product formula and the reasonability of tensor norms, we have
and thus g i+j = 0. Therefore, N(g) is closed under addition. Since Z + \N(g) is an infinite set by assumption, we conclude from Lemma 1 that N(g) ⊆ (d) for some d 2. In other words, g vanishes identically along degrees outside (d).
Note that Lemma 2 relies only on the group-like property of signatures. To complete the proof of Theorem 2, it suffices to show that the signature of a continuous path with finite p-variation (1 p < 2) cannot vanish identically outside (d) unless it is tree-like. Our proof of this fact relies on a complexification argument and the uniqueness result for signature established by Boedihardjo et al. [2] .
Recall that the complexification of V is defined by V C V ⊗ R C. A natural choice of norm on V C , which is known as the Taylor complexification norm (c.f. [7] ), is defined by
The Taylor complexification norm satisfies
Endow V C with this norm and the (complex) tensor products V ⊗n C with the injective tensor norm. Let j n : V ⊗an → V ⊗an C ∼ = (V ⊗an ) C be the canonical embedding, where ⊗ a means the algebrac tensor product.
Lemma 3. j n is continuous and thus extends continuously to the completions of the algebraic tensor products.
Proof. According to [8] , Theorem 2.3, the injective tensor norm on V ⊗an C coincides with the Taylor complexification norm induced from the injective norm on V ⊗an . In addition, it is known (c.f. [4] , Chapter 8, Proposition 3) that injective tensor norm is the smallest among all reasonable tensor norms. Therefore, for any ξ
Lemma 4. Let γ : [0, T ] → V be a continuous path with finite p-variation
for some 1 p < 2. For each n 1, let g n (respectively, g C n )
be the n-th degree component of its signature when γ is viewed as a path in
Proof. Let ξ m be the discrete Riemann sum approximation of g n . Then j n (ξ m ) is the discrete Riemann sum of g C n . The result then follows from the continuity of j n stated in Lemma 3.
Remark 2. Lemma 4 remains true for any arbitrary rough path and its complexification.
Remark 3. We need to be careful about complexification of norms only in the infinite dimensional setting-the finite dimensional case is trivial in terms of norm comparison.
We need one more general topological result before providing the proof of Theorem 2.
Lemma 5. Let f : E → E be a continuous map over a complex Banach space E which does not have non-zero fixed points and maps each sphere {x ∈ E : x = R} onto itself (for instance, φ is the multiplication by some complex number ω ∈ S 1 \{1}). Let γ be a continuous path in E starting at the origin. If γ and f (γ) are equal up to a reparametrization, then γ must be the trivial path.
Proof. Suppose on the contrary that γ is non-trivial. Then there exists some t > 0 such that γ t = 0. Let ε γ t and define τ inf{0 s t : γ s = ε}.
Note that γ| [0,τ ) is strictly contained in the open ball B ε . Since f (γ) τ = γ τ = ε and f (γ) τ = γ τ , by continuity, there exists some δ > 0, such that
Since f (γ) and γ differ by reparametrization, we know that a subset of f (γ)| [0,τ −δ) must coincide with γ| [0,τ ] . This is not possible since f (γ)| [0,τ −δ) is strictly contained in the open ball B ε while γ τ lies on the boundary. Therefore, γ must be trivial.
Proof of Theorem 2. Let γ : [0, T ] → V be a continuous path with finite pvariation for some 1 p < 2, whose signature g has infinitely many zero components. According to Lemma 2, there exists an integer d 2 such that g vanishes identically along degrees outside (d).
Letγ be the unique tree-reduced path (up to reparametrization) having the same signature as γ, i.e. the one which does not contain any tree-like pieces or equivalently whose signature path is non-self-intersecting (the existence of treereduced path is proved in [2] , Lemma 4.6). From the definition of tree-like paths (c.f. [2] , Definition 1.1), when viewed as a path in V C ,γ is also tree-reduced. In addition, by Lemma 4, the complexified signature ofγ also vanishes identically along degrees outside (d).
Now let ω = 1 be a d-th root of unity, i.e. ω d = 1. Then the signatures of the path ω ·γ andγ are the same. According to the uniqueness theorem (c.f. [2] , Theorem 1.1), they are equal up to tree-like equivalence. The uniqueness theorem was proved for rough paths over real Banach spaces, but the argument goes through without substantial difficulty to the complex case. However, ω ·γ is also tree-reduced, which can be easily seen by considering its signature path. Therefore, ω ·γ andγ must be equal up to reparametrization and translation. According to Lemma 5 applied to the map f defined by scalar multiplication by ω and assuming without loss of generality that γ starts at the origin, we conclude thatγ must be trivial and equivalently γ is tree-like.
The regularity assumption 1 p < 2 plays a crucial role in the proof in the way that the signature is trivial if and only if the first level path is tree-like, which is certainly not true for general rough paths. Indeed, simple adaptation of the argument leads to the following interesting corollary. Recall that a weakly geometric rough path is a continuous path taking values in the step-[p] nilpotent Lie group with finite p-variation for some p 1. Proposition 1. Let X t be a tree-reduced weakly geometric rough path starting at the identity, whose signature path is denoted as X t . Suppose that the signature g of X has infinitely many zero components. Then there exists d 2, such that the m-th level path of X t is trivial for any m which is not a multiple of d.
Proof. As in the proof of Theorem 2, we complexify our underlying space and path. According to Lemma 2, the signature g vanishes identically outside 
Since the signature vanishes identically outside (d), we know that X and δ ω (X) have the same signature. Since they are both tree-reduced, the signature paths X t and δ ω (X t ) are equal up to reparametrization, and so are their m-th level paths. Now according to Lemma 5 applied to φ being the multiplication by ω m over V ⊗m C , we conclude that the m-th level path of X t must be trivial.
Remark 4. If the signature of a non-trivial tree-reduced weakly geometric rough path X t vanishes identically outside (d), then the roughness of X t must be at least d, for otherwise Proposition 1 implies that X t is trivial and so is its signature by Lyons' extension theorem. However, it is in general not possible to detect the exact roughness simply from the non-vanishing pattern of signature. For instance, one can construct a 2-rough path X t and a 4-rough path Y t , such that both of their signatures are non-vanishing exactly along even degrees starting from 4. More specifically, one can choose them to have the form X t = exp(f t ) and Y t = exp(g t ), where f t takes values in L 2 and g t takes values in L 4 ⊕ L 6 respectively, with L n being the space of degree n homogeneous Lie polynomials.
